We show that a metrizable topological space X is completely metrizable if and only if it admits a quasi-uniformity U such that the topology induced by the conjugate quasi-uniformity U −1 on X is compact.
Introduction
In [5, Theorem 1] it was proved that a metrizable topological space (X, τ ) admits a complete metric if and only if X is cocompact, that is, it admits a coarser compact T 1 -topology ρ such that each point of X has a τ -neighborhood base consisting of ρ-closed sets.
In connection with some characterization of computational models in theoretical computer science (see [8] ) the following related result was obtained for separable completely metrizable spaces in [7] :
On each separable completely metrizable space (X, τ ) there exists a coarser (second countable) compact T 1 -topology ρ such that the bitopological space (X, ρ, τ ) is pairwise regular (that is, (X, τ ) is cocompact with respect to ρ and each point of X has a ρ-neighborhood base consisting of τ -closed sets); since both topologies are second countable, it then follows from a result of Kelly [13, Theorem 2.8] that the bitopological space (X, ρ, τ ) is quasi-metrizable, that is, there is a quasi-metric q on X such that τ (q) = τ and τ (q −1 ) = ρ.
Note that since the topology τ = τ (q) ∨ τ (q −1 ) need not be zero-dimensional, the constructed quasi-metric q will not be non-Archimedean in general.
Because compact quasi-metric spaces are developable (see, e.g., [11, p. 40] ) and thus second countable, and because in quasi-metric spaces the (topological) weight is preserved under conjugation [15, Theorem 4] , we have to leave the area of quasi-metric spaces in order to generalize the aforementioned result to nonseparable metric spaces. In this connection the following problem was posed in [7] :
Does each completely metrizable space (X, τ ) possess a coarser compact T 1 -topology ρ such that the bitopological space (X, ρ, τ ) is pairwise (completely) regular?
In the light of a result of Lane [16, Theorem 4.2] that problem can be reformulated as follows:
Does each completely metrizable space (X, τ ) admit a quasi-uniformity U such that
Observe that then since each quasi-uniformity on a compact T 1 -space is pointsymmetric (see [11, Propositions 2 .24 and 2.26]), we necessarily have
Note also that we can require that U is totally bounded, because U can always be replaced by the finest totally bounded quasi-uniformity U ω contained in U (compare [11, Sections 1.28, 1.33, 1.37]). On the other hand, clearly the quasi-uniformity U cannot be required to have a transitive base in general.
In this article we are going to show that indeed each completely metrizable space admits a (totally bounded) quasi-uniformity U such that τ (U −1 ) is compact. (No separation axiom is assumed in the definition of compactness throughout this article.)
We refer the reader to [11] for a discussion of the basic theory of quasi-uniform and quasi-metric spaces. Information on cocompactness and compact networks can be found in [4, 12] . Here a family of sets is called compact provided that every subfamily with the finite intersection property has nonempty intersection.
After having seen a preprint of the present paper, J.M. Aarts brought his work on cocompactifications [1] [2] [3] 6 ] to the attention of the author. In it many interesting connections between cocompactifications and quasi-proximities were discussed.
The result
Before starting with technicalities, let us explain the basic idea of our argument. We shall modify the proof of [5, Theorem 1] in an appropriate way to obtain the promised result. To this end we shall define a sufficiently large family of continuous functions on the complete metric space X into the unit interval (equipped with its usual topology) using the method known from the proof of Urysohn's Lemma. The initial quasi-uniformity with respect to this family of maps into the unit interval (endowed with its standard quasipseudometric) will provide us with the compatible quasi-uniformity that we are looking for. In order to make sure that the topology induced by the conjugate quasi-uniformity is compact, the continuous functions are constructed simultaneously using the following concept of a swelling of a family of sets of X that is usually employed in dimension theory.
Recall that a family {B α : α ∈ I } of subsets of a set X is a swelling of a family {A α : α ∈ I } of subsets of X provided that A α ⊆ B α whenever α ∈ I and that for any finite I ⊆ I we have that α∈I A α = ∅ implies that α∈I B α = ∅ (see [10, p. 385] ). In particular we shall need the fact that each locally finite closed collection of a metrizable space has a locally finite open swelling (combine, e.g., [10, Problem 5.5.17(a) and Exercise 7.1.G(a)]). As usual, a collection of subsets of a set X will be called centered provided that it has the finite intersection property. By [0, 1] we shall denote the unit interval of the reals and by D its subset of dyadic rationals.
Theorem 1. A metrizable topological space X is completely metrizable if and only if there is a compatible quasi-uniformity
Proof. Suppose that a metrizable space X admits a quasi-uniformity U such that τ (U −1 ) is compact. As noted in the introduction, then τ ( For notational purposes it therefore seems more convenient to avoid unnecessary repetitions of elements of (V i ) i∈ω at the cost of some additional preparations as follows:
If G belongs to more than one collection V i and G is a singleton, delete G from all such collections V i , except for the smallest such i.
If G belongs to more than one collection V i and the diameter of G is positive in (X, d) , delete G from all such collections V i , except for the largest such i.
For each i ∈ ω, denote the collection obtained from V i after completing this operation
Since X is metrizable, by the observation made above about swellings for each i ∈ ω, we find a locally finite open swelling
, and inductively by normality of X for any q ∈ {1, . . . ,
For each n ∈ ω we shall now define inductively a locally finite closed collection G n of subsets of X such that
First note that G 0 as defined above is a locally finite and closed collection of subsets of X. Suppose now that for some n ∈ ω the locally finite closed collections G k (k n) as well as the collections τ k and neighbornets T k (k < n) are defined. Since X is metrizable, there exists a locally finite open swelling {S n (F ):
We are going to define the ingredients of G n+1 next. As observed earlier, for each G ∈ V n+1 , H n+1 (G) was defined under ( ). So it suffices to consider G ∈ n i=0 V i . Then H n (G) is defined according to our induction hypothesis as described in the definition of G n . Furthermore by normality of X for each p ∈ {0, . . ., 2 n − 1} we find open sets
., 2 n − 1} by the definition of T n . This completes the definition of H n+1 (G) where
Consequently G n+1 can be constructed as described above. Note that G n+1 is a locally finite closed collection in X, since for each G ∈ V i where i ∈ ω and i n + 1, the collection H n+1 (G) is finite and consists of closed subsets of E i (G); furthermore for each such i the collection {E i (G): G ∈ V i } is locally finite. Next let us verify the following claim, which will turn out to be useful later. ✷ Claim. Let n ∈ ω, G ∈ k∈ω is a decreasing sequence of transitive neighbornets by construction. Hence the assertion of the claim holds true.
For each G ∈ i∈ω V i now define a Urysohn function f G :
e(x, y) < ε} whenever ε > 0. Let U be the initial quasi-uniformity on X with respect to the family {f G : G ∈ i∈ω V i } of maps into the quasi-uniform space
where U e denotes the (totally bounded) quasi-pseudometric quasi-uniformity induced by e on [0, 1].
Hence U is the filter on X × X generated by the subbase {(
As it is well known (and easy to see), the (totally bounded) initial quasiuniformity U induces the initial topologies on X. Therefore {f −1 a subbase for τ (U) . Similarly, S = {f
Let us note that f
Let x ∈ X and i ∈ ω. Since each member of the cover V i in X has diameter smaller than
If V is a singleton, then V = {x} and x is an isolated point in (X, d) . By the construction of the collections (V i ) i∈ω , there is j ∈ ω with j i such that
Similarly, if the diameter of V is positive, then V ∈ V j for some j ∈ ω with j i. Then
In particular we conclude that τ (d) = τ (U).
Finally we wish to show that τ (U −1 ) is compact. In order to reach a contradiction, assume that B is a centered subfamily of C = {f −1
} with empty intersection. Note that we shall be able to apply the Alexander subbase theorem, since C = {X \ S: S ∈ S} where S is the subbase for the topology τ (U −1 ) described above.
For each B ∈ B there are i B ∈ ω, α B ∈ [0, 1[ and
. First consider the case that there is a sequence (B n ) n∈ω 
) is smaller than 2 −i Bn , we conclude that the collection B of closed sets in (X, d) contains members of arbitrarily small diameter. It follows that B = ∅, because (X, d) is a complete metric space and B is centered-a contradiction.
We deduce that there is k ∈ ω such that i B k whenever B ∈ B.
In order to reach a contradiction, suppose that there are i 0 ∈ ω with i 0 k and an injective sequence (G B n ) n∈ω such that i B n = i 0 whenever n ∈ ω.
swelling of {G: G ∈ V i 0 }, we see that {G B n : n ∈ ω} is centered, because {B n : n ∈ ω} and thus {E i 0 (G B n ): n ∈ ω} have the finite intersection property. Since centered families of {G: G ∈ V i 0 } are finite, we deduce that there is m ∈ ω such that G B m = G B k for infinitely many k ∈ ω, contradicting the fact that {G B k : k ∈ ω} is locally finite (to see this consider any point belonging to G B m ). We conclude that for each i ∈ ω such that i k, {G B : i B = i, B ∈ B} is finite.
So we can finally assume that there are m ∈ ω, as well as i j k and G j ∈ V i j whenever j ∈ {0, . . ., m} such that {G B : B ∈ B} = {G j : j = 0, . . . , m}. For j ∈ {0, . . . , m} put
The latter sets are all nonempty so that ε j ∈ [0, 1[ whenever j ∈ {0, . . . , m}. For each j ∈ {0, . . ., m} find p j ∈ {0, . . . , 2 k − 1} such that p j /2 k ε j < (p j + 1)/2 k . Furthermore for each j ∈ {0, . . ., m} find δ j ∈ D such that ε j < δ j < (p j + 1)/2 k . By our assumption
whenever j ∈ {0, . . . , m}, we see that 
Remark 1.
Let us note that in the special case of a separable completely metrizable space X the collection i∈ω V i that we have used in the proof above is countable. Hence the constructed family of maps f : X → [0, 1] is also countable. Therefore the constructed quasi-uniformity U has a countable base and thus is quasi-metrizable (compare [11, p. 151] ).
Problem 1.
Characterize the cocompact Tychonoff spaces that admit a quasi-uniformity U such that τ (U −1 ) is compact.
We mention here the simple case that a T 1 -space X has a compact base B consisting of clopen sets; then the filter U on X × X generated by the subbase {[(X \ B) × X] ∪ [X × B]: B ∈ B} clearly is a compatible (totally bounded) transitive quasi-uniformity on X such that τ (U −1 ) is compact.
Remark 2.
The author presented the main result of this note in a lecture at the DagstuhlSeminar 02221 on Mathematical Structures for Computable Topology and Geometry. Working on a problem posed by J. Lawson in the discussion following that talk, P. Waszkiewicz (see [14] ) recently established new connections between cocompactness and those topological spaces that admit bounded complete (computational) models.
